We study translation invariant, real-valued valuations on the class of convex polytopes in Euclidean space and discuss which continuity properties are sufficient for an extension of such valuations to all convex bodies. For this purpose, we introduce flag support measures of convex bodies via a local Steiner formula and derive some of the properties of these measures.
Translation invariant valuations
Let K be the space of convex bodies (non-empty compact convex sets) in R d , d ≥ 3, with scalar product · , · and norm · . We endow K with the topology derived from the Hausdorff metric d H (see [21] for background information and notions not explicitly defined here). Let P ⊂ K be the set of convex polytopes in R d . A real-or measure-valued functional ϕ on K or P is called a valuation, if it is additive in the sense that
whenever K, M and K ∪ M lie in K (resp. in P). For a real-valued valuation ϕ on P which is invariant under translations and weakly continuous (that is, continuous with respect to parallel displacements of the facets of the polytopes), McMullen [17, 18] has shown that ϕ(P ) = ϕ 0 (P ) +
where ϕ 0 (P ) = ϕ({0}) (cf. [19, pp. 214-5] ) and ϕ d is a multiple of the volume functional. For j ∈ {0, . . . , d − 1}, F j (P ) is the collection of j-faces of P , V j is the j-th intrinsic volume, n(P, F ) is the intersection of the normal cone N (P, F ) of P at F and the unit sphere S d−1 , which is a (d − j − 1)-dimensional spherical polytope, and f j is a simple, additive functional on the class ℘ d−j−1 of at most (d − j − 1)-dimensional spherical polytopes. As usual, f j is said to be simple if it is zero on spherical polytopes of dimension less than d − j − 1. In comparison to related work (see [17, 18] ), we prefer to express our formulas in terms of spherically convex subsets of the unit sphere instead of using the convex cones spanned by such subsets. Conversely, any sequence of simple, additive functionals f j : ℘ d−1−j → R, j = 1, . . . , d−1, yields a weakly continuous, translation invariant valuation ϕ on P via (1.1). To be more precise, ϕ j (P ) = F ∈F j (P ) f j (n(P, F ))V j (F ) defines a weakly continuous, translation invariant valuation ϕ j on P which is homogeneous of degree j, for j = 1, . . . , d − 1. Thus, (1.1) corresponds to the decomposition ϕ = d j=0 ϕ j of ϕ into homogeneous components (see [17, 18] ). We call f 1 , . . . , f d−1 associated functions of ϕ. If P has dimension k < j, then F j (P ) = ∅ and so ϕ j (P ) = 0, by definition.
Convex polytopes are dense in K. Therefore it is natural to ask which j-homogeneous valuations ϕ j , j ∈ {1, . . . , d − 1}, on P allow an extension to K by approximation, in a continuous way. In a first attempt, one could ask whether a valuation on P which is continuous with respect to the Hausdorff metric can be extended continuously to K. This seems to be a difficult problem and neither a positive result nor a counterexample is known. A second, also quite natural approach, would be to ask for appropriate continuity conditions on the associated function f j which guarantee a continuous extension (and thus also imply that ϕ j is continuous on P). Throughout this paper, we follow this second line.
A rather strong sufficient condition would be to assume that
for some continuous functionf j on S d−1 . Here we write H s , s ≥ 0, for the s-dimensional Hausdorff measure in Euclidean space R d . The j-th area measure S j (P, ·), j ∈ {0, . . . , d−1}, of a polytope P is a Borel measure on the unit sphere S d−1 (see [21, Section 4.2] for an introduction to area measures), which is given by
Hence, assuming (1.2), it follows that
The map K → S j (K, ·) is weakly continuous, that is, continuous with respect to the Hausdorff metric d H on K and the weak topology on the space of finite Borel measures on S d−1 . Therefore
for K ∈ K, defines a continuous extension of ϕ j to K. We remark that (1.2) is fulfilled if ϕ j is smooth in the sense of Alesker [1, 2] (see also [6] for a recent survey on valuations and applications to integral geometry).
A much weaker natural condition would be to require that f j is continuous with respect to the Hausdorff metric on spherical polytopes. In the following, we shall see that even a weak absolute continuity of f j , which implies continuity of f j , is not sufficient. On the other hand, we shall show that a continuous extension exists, if f j satisfies a special kind of absolute continuity, which is still weaker than (1.2).
Subsequently, we consider j-homogeneous, translation invariant valuations ϕ j on P, for j ∈ {1, . . . , d − 1}. We first specify the different continuity properties for such valuations, which we shall study. We call ϕ j strongly continuous if it has an associated function f j which satisfies (1.2) with a continuous functionf j on S d−1 . Further, we say that ϕ j is flag-continuous, if it has an associated function f j such that (1.2) holds with a continuous functionf j , which may depend on both, the normal vector u and the linear subspace p generated by p. To be more precise, we introduce, for q ∈ {1, . . . , d − 1}, the flag manifold
where G(d, q) is the Grassmannian of q-dimensional linear subspaces of R d . With the usual topology, F (d, q) is a compact space. The property of flag-continuity for ϕ j means that
for some continuous functionf j on
given by
The expression | L, M | is defined as the absolute determinant of the orthogonal projection from L to M , and the Grassmannian G( u , d − j) consists of all U ∈ G(d, d − j) which contain the linear subspace u spanned by u. Moreover, ν u d−j is the unique SO(u)-invariant probability measure on G( u , d − j), where SO(u) denotes the set of all proper (orientation preserving) rotations of R d which fix u ∈ S d−1 . Finally, we observe that if ϕ j is flag-continuous, then the function f j in (1.3) is continuous on ℘ d−j−1 with respect to the Hausdorff metric, and this in turn implies that ϕ j is weakly continuous.
From these definitions, it follows immediately that the following implications hold:
ϕ j strongly continuous ⇒ ϕ j strongly flag − continuous ⇒ ϕ j flag − continuous ⇒ ϕ j weakly continuous .
Since for j = d − 1 the three notions, strong continuity, strong flag-continuity and flagcontinuity all coincide, and since then a continuous extension to all convex bodies is always possible, we assume that j ∈ {1, . . . , d − 2} throughout the following.
In the next section, we shall show that, for j ∈ {1, . . . , d − 2}, flag-continuity is not sufficient for the existence of a continuous extension of ϕ j to K. The counterexample we present is based on a certain flag measure for polytopes, on the construction of two sequences of convex polytopes (P k ) k∈N and (Q k ) k∈N , which converge to the same convex body, but for which a suitably constructed flag continuous valuation ϕ j has different limits, that is, lim k→∞ ϕ j (P k ) = lim k→∞ ϕ j (Q k ). However, in Section 4 we shall see that an extension exists, if ϕ j is strongly flag-continuous. This result makes use of another sequence of flag measures which we introduce and study in Section 3. These flag measures are obtained as coefficient measures of a local Steiner formula, first for convex polytopes and then for general convex bodies by an approximation argument. This approach extends the one well known for support measures of convex bodies.
Valuations without continuous extensions
In order to show that flag-continuity is not sufficient for the existence of a continuous extension of ϕ j to K, for an arbitrary polytope P in R d , we define a flag measure τ j (P, ·),
where
and j = 1 this measure was introduced by Ambartzumian [3, 4] , who used it for an integral representation of the width function and a subsequent characterization of zonotopes. It follows from (2.1) that
where ω n := 2π n/2 /Γ(n/2) is the (n − 1)-dimensional Hausdorff measure of the unit sphere S n−1 . Hence, for a sequence
by the continuity of the intrinsic volumes. Hence, there is a subsequence τ j (P k i , ·), i ∈ N, which converges weakly to a measure τ on F (d, d − j). The following result shows that, for j ∈ {1, . . . , d − 2}, the limit measure τ in general will depend on the approximating sequence P k → K, hence there is no continuous extension of the measures τ j (P, ·) from polytopes P to arbitrary convex bodies K ∈ K.
We add a few comments on the construction of the polytopes P k , which are used in the proof, as well as on the strategy of the proof. In [10] , in dimension d = 3 a polytope P k ⊂ R d , k ∈ N, is defined as the convex hull of those points on the unit sphere whose projection to R d−1 lies in the discrete set 2 −k Z d−1 . The polytopes P k converge to the rotation invariant unit ball B d , as k → ∞, and a subsequence of τ j (P k , ·) converges weakly to a measure τ on
If τ is not rotation invariant, then there is a rotation ϑ ∈ SO d such that ϑτ = τ , and hence there is a continuous functionf on F (d, d − j) which separates ϑτ and τ . Usingf , we can define a flag-continuous valuation ϕ such that lim k→∞ ϕ(P k ) = lim k→∞ ϕ(ϑP k ). In order to show that τ is not rotation invariant, it is crucial to know and control the set of j-faces of P k . Already for d = 3 and j = 1 (which is considered in [10] ) this turns out to be a delicate task and at least one symmetry argument in [10] is apparently not available.
For this reason, we use a modified construction for a sequence of polytopes that was first described, and used for a different purpose, in [12] . In [12] , a polytope P t , for t > 0, is defined as the convex hull of a subset of those points on a rotational paraboloid whose projection to R d−1 lies in the discrete set 2tZ d−1 . For these polytopes, the set of j-faces, for general dimension and j ∈ {0, . . . , d − 1}, is explicitly determined in [12] . The limit set K of (P t ), as t → 0 + , (that is, part of the paraboloid) is then only invariant under rotations fixing the vertical axis. The same will be true for the polytopes which are used in the subsequent proof. But this is enough to admit a modification of the argument described in the preceding paragraph (and based on [10] ). The construction of the polytopes P t is related to a well known construction in computational geometry used to determine the Delaunay triangulation of a point set in R d−1 via the convex hull of the set of points vertically lifted to a paraboloid (see [8, Section 13.1/2, Observation 13.13] and [14, Section 7] ).
, there is a flag-continuous j-homogeneous valuation ϕ = ϕ j on P and a convex body K ∈ K such that there exist two sequences of polytopes, (P k ) and (Q k ), k ∈ N, with P k → K and Q k → K, as k → ∞, and such that the limits lim k→∞ ϕ(P k ) and lim k→∞ ϕ(Q k ) exist but satisfy 
Further, we define the two sets
is a convex polytope, with vertices on the rotational paraboloids ℓ − (R d−1 ) and ℓ + (R d−1 ), respectively. As t → 0 + , the polytopes P t converge to the convex body
which is symmetric with respect to R d−1 and invariant under rotations ϑ ∈ SO(e d ). By the remarks preceding the statement of the theorem, we may assume that τ j (P t , ·) → τ weakly, as t → 0 + . The rotation group acts in a natural way on
We shall show that τ is not SO(e d )-invariant, that is, there exists a rotation ϑ ∈ SO(e d ) such that the image measure ϑτ of τ under ϑ is different from τ . If this is shown, we put Q t := ϑP t , which implies that Q t → K, as t → 0 + . Moreover, we have
A flag-continuous, j-homogeneous valuation ϕ on P is defined by
Since τ j (P t , ·) → τ weakly, as t → 0 + , it follows that ϕ satisfies
It remains to be shown that ϑτ = τ , for a suitable rotation ϑ ∈ SO(e d ). It is sufficient to show that the measureτ on G(d, j), which is the image measure of τ under the mapping
We consider the finitely many subspaces parallel to the j-faces of the cube
It is easy to see that A is a closed subset of G(d, j). Letν j denote an arbitrary finite SO(e d )-invariant measure on G(d, j). We show thatν j (A) = 0. To see this, let ν e d denote the unique Haar probability measure on SO(e d ). Then, by the assumed invariance we havẽ
Since j ∈ {1, . . . , d − 2} and D is finite, we clearly have
which implies the required assertion. Thus it remains to be shown thatτ (A) > 0. Let A t , for t ∈ (0, 1/8), be the set of j-dimensional subspaces parallel to some j-face of P t having non-empty intersection with
Since the orthogonal projection to R d−1 of each such j-face of P t is a j-face of one of the cubes of C t and each such j-face of P t is obtained by vertically lifting a j-face of one of the cubes of C t (see [12] for a detailed argument and [14, Proposition 7.17] for the main fact on which the argument is based), it follows that A t ⊂ A once we have shown that
if u ∈ L ∈ A t and u = 0, then there are
and such that
Then we get
Since x i ≤ 1/2, i = 1, 2, we have x 1 + x 2 ≤ 1, and thus
From (2.3) and (2.4), we deduce that
which yields the required assertion.
Then we obtain 
and τ j (P t , ·) → τ weakly, as t → 0 + , we obtain that
which completes the argument. The required sequences are then obtained by choosing t = 1/k, k ∈ N.
Flag measures for convex bodies
We now introduce various sequences of natural flag measures for arbitrary convex bodies K ∈ K. For j ∈ {0, . . . , d − 1}, these measures will be defined on the flag manifold
In the latter case, the measures will be concentrated on a generalization of the normal bundle Nor K of K, that is, on the set
We start with polytopes and give a direct definition of a flag measure in the spirit of (2.1). Namely, let ψ j (P, ·) be the measure on
Here and subsequently, for a given subspace
The corresponding Haar probability measure is denoted by ν U k . (If U = R d , then the upper index is omitted.) A comparison of (3.1) with (2.1) shows that
that is, ψ j (P, ·) is the image measure of τ j (P, ·) under the integral transform T j given by (1.4) (since T j is apparently self-adjoint, it can be extended to a linear transform on measures, by duality).
As we shall show in this section, the measure ψ j (P, ·) has a continuous extension to all convex bodies. This also implies that the transform T j is not injective. Namely, for the sequences
In order to show that ψ j (P, ·) has a continuous extension to all convex bodies, we introduce a more general framework. We consider, for k ∈ {0, . . . , d − 1}, the affine Grassmannian A(d, k) of k-flats in R d , together with the (suitably normalized) motion invariant measure µ k on A(d, k). Clearly, A(d, k) can be represented as
where L 0 ∈ G(d, k) is a fixed subspace, and then µ k can be defined by
where ν denotes the Haar probability measure on SO d . We refer to [22, Sections 13.1 and 13.2] for further details. For K ∈ K and E ∈ A(d, k), we define the distance
If there is a unique pair of points (x, y) ∈ K × E with d(K, E) = x − y , then we put p(K, E) := x and l(K, E) := y. In this case, p(K, E) is the unique nearest point of K to E, which is called the metric projection of l(K, E) to K. Note that in these definitions we do not require that K ∩ E = ∅. If K ∩ E = ∅ and if the distance d(K, E) > 0 is realized by a unique pair of points, then we define
(In fact, for the definition of u(K, E) the uniqueness of the pair of points is not needed, any pair of distance minimizing points could be used.) Let L = L(E) ∈ G(d, k) denote the linear subspace parallel to E ∈ A(d, k). The set
is Borel measurable. This can be shown by the methods provided in [22, Section 12 and 13.2].
In the following, all sets encountered are Borel measurable (which will be used without further mentioning it).
and the mapping π is continuous on K (k) .
Proof. We first notice, that For E ∈ K (k) , the fact that π(E) ∈ Nor k (K) is obvious. It remains to show that π is continuous. We start with the continuity of the map
By the choice of the topology on
But this follows from the estimate
Next we show that p(K, ·) is continuous on K (k) . Due to the compactness of K, it suffices to show that any accumulation point x of a sequence p(K, E i ), i ∈ N, with E i → E and E i , E ∈ K (k) , coincides with p(K, E). In fact, let p(K, E i j ) → x ∈ K, for some subsequence
The continuity of l(K, ·) on K (k) follows in a similar way. Then this also implies the continuity of u(K, ·).
The continuity of E → L(E) is an easy consequence of the definition of the topologies on
By similar arguments as in the proof of Lemma 3.1, one can show the continuity of p(·, E), l(·, E) and u(·, E), if E is an appropriate flat. We state the result without proof.
Lemma 3.2. Let
For ǫ > 0, the set K
The following is our main result in this section.
Theorem 3.3. (a) For each convex body
for each ǫ > 0. 
We call Θ A(d, k) . The investigation of local Steiner formulas for convex bodies is a classical topic by now and the method we employ here has been used first to introduce the curvature measures and the (surface) area measures of convex bodies, as well as their common generalization, the support measures. We refer to [21, Chapter 4] , for details. As we shall see later, these classical measures appear as projections of our general ones. Other projections on smaller flag manifolds have been considered before. In [23, 24] , corresponding (generalized) curvature measures on the flag manifold
were considered and in the diploma thesis [16] analogous (generalized) surface area measures on F (d, k) were studied. The unified approach presented here, leading to the flag support measures Θ (k) m (K, ·), follows along similar lines. It was already indicated in [16] and, in more detail, in [10] . In [13] , flag support measures Ξ Thorem 3] shows that
Moreover, in [13] mixed flag measures and applications to zonoids are explored. A measure geometric approach to flag measures of convex bodies and functions is provided in [7] .
We divide the proof of Theorem 3.3 into several lemmas.
Lemma 3.4. For fixed
ǫ > 0, the map K → µ (k) ǫ (K, ·
) is weakly continuous and additive. Moreover, for every Borel set
Proof. Let K i , K be convex bodies with K i → K, as i → ∞, and let A be the set of all kflats that are parallel to a line segment (of positive length) in the boundary of some K i , i ∈ N. As mentioned in the proof of Lemma 3.1, we have µ k (A) = 0. Let B ⊂ N (d, k) be open (with respect to the induced subspace topology) and let E ∈ M (k) ǫ (K, B) \ A be a flat with 0 < d(K, E) < ǫ. Then, for almost all i, the sets K i and E do not intersect. Moreover,
and thus
Here, we have used Fatou's lemma and, in the second equation, the fact that
which follows, for instance, from Crofton's formula (see [22] ).
By the same kind of arguments, we get that
as i → ∞, which completes the proof of the weak continuity.
Concerning the additivity, we follow the corresponding arguments for support measures (see, e.g., [22] ). Let K, M and K ∪ M be convex bodies, and let E ∈ K (k) ∩ M (k) . We put y = p(K, E), z = p(M, E) and consider, first, the case p(K ∪ M ) = y.
As
and has a minimum at t = 0. (Here we identify a point x with the set {x}.)
The uniqueness of the nearest point now implies z = x ∈ K ∩ M . We get
Let C ⊂ N (d, k) be a Borel set. We obtain that the statements
are equivalent, as are the statements
In the other case, p(K ∪ M, E) = z, we get in a similar way that
are equivalent, as well as
This means that, for µ k -almost all E, we have the identity
Integration with respect to µ k yields the additivity property. The remaining assertion is implied by [22, Lemma 12.1.1].
Lemma 3.5. Let P be a polytope. Then there exist finite Borel measures Θ (k)
for each ǫ > 0.
Proof. For each flat E ∈ P (k) , the nearest point p(P, E) lies in the relative interior of a uniquely determined face F of P . For a given face F , a Borel set C in N (d, k) and ǫ > 0, we compute the measure of the set
If dim F ≥ d − k, the nearest point in F to a given k-flat E is either not unique or not in the relative interior of F (or E and F intersect). In each of these cases, E / ∈ A, hence A is empty. Therefore, we can concentrate on the case
Since µ k is translation invariant, we may also assume that 0 ∈ F (of course, C also has to be replaced by a corresponding translate). Then
Next we investigate I(L).
If L and F are not in general relative position and p(P, L + y) ∈ relint(F ) holds, then L + y / ∈ P (k) and thus I(L) = 0. We therefore can concentrate on those subspaces L which are in general relative position with respect to F . In any case, since we integrate L over G(d, k) with respect to the Haar measure ν k , we can always assume that F and L are in general relative position, excluding a subset of G(d, k) of measure zero [22, Lemma 13.2.1] . Then, let
We obtain
, since L and F are in general relative position. Hence,
which gives us
The last expression is translation covariant, so we need no longer assume 0 ∈ F . Summing over all F ∈ F m (P ) and all m = 0, . . . , d − k − 1, we arrive at
where Proof. For a polytope P and a Borel set C ⊂ N (d, k), Lemma 3.5 proves the existence of measures Θ
for all ǫ > 0. Choosing ǫ = 1, 2, . . . , d − k, we obtain a system of linear equations for the unknowns
where the coefficient matrix is invertible (the determinant is the Vandermonde determinant) and the entries only depend on d, k and m. Solving the system, we obtain the assertion.
Proof of Theorem 3.3. (a) We fix k. Let K be a convex body. Then we define
Clearly, these measures are finite and weakly continuous as functions of K, since the measures on the right-hand side have these properties. Lemma 3.1 implies that the measures on the righthand side are concentrated on Nor k (K), hence this is also true for the measure on the left-hand side. Moreover, the definition is consistent with the case of polytopes (by Lemma 3.6). Since Θ (k) m (K, ·) is the weak limit of a sequence Θ (k) m (P n , ·), n ∈ N, for a sequence of polytopes P n with P n → K, these measures are non-negative. Moreover, using weak convergence in (3.6), we see that
holds for arbitrary K and ǫ > 0.
is weakly continuous has already been shown in (a). From (3.9) and Lemma 3.4 we obtain that Θ The following polynomial expansion of Θ (k) m (K + ǫB d , ·) follows easily from the defining equation (3.4) and is included here for the sake of completeness. Two different proofs can be found in [10] and [13] .
We mention some measures obtained as projections. The Borel measure S 
We call it the m-th k-flag curvature measure of K, for m ∈ {0, . . . , d − k − 1}. The measure C In order to clarify the connection between the flag measures introduced by Theorem 3.3 and the measure defined by (3.1), we observe that for a polytope P and a Borel set A ⊂ F ⊥ (d, k), a special case of (3.7) implies that 
Proof. From (3.11) and passing to orthogonal subspaces, we obtain
Next we interchange the order of integration by applying [5, Theorem 1] . In the present situation, the Jacobian J(T u n(P, F ), U ) is equal to | F, U | and the required constant is β(d, d − k, 1) = ω d−k /ω d . Recall that u is the linear subspace spanned by u. Then we get
where we used that | F,
is weakly continuous, the following is a direct consequence.
Corollary 3.11. For j = 0, . . . , d − 1, the measure ψ j (K, ·), defined by (3.1) for polytopes K, has a continuous extension to all convex bodies K.
Valuations with continuous extensions
We now show that strongly flag-continuous valuations on polytopes, which are homogeneous of degree j ∈ {1, . . . , d − 2}, have a continuous extension to all convex bodies. Proof. For a polytope P , we have
f j (n(P, F ))V j (F ).
Since ϕ is strongly flag-continuous,
if p ∈ ℘ d−j−1 has dimension d − 1 − j, and
for some continuous functiong j on F (d, d − j). Hence,
by (3.1). We now define,
for K ∈ K, where ψ j (K, ·) is the extension ensured by Corollary 3.11. Since K → ψ j (K, ·) is weakly continuous, the functional ϕ is continuous on K (and a translation invariant valuation).
